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' (— i ' We consider using broken superconformal symmetry and the super operator product ex- 

I pansion (sOPE) to constrain and analyze hidden sector theories that couple to our gauge 

D forces and are not necessarily weakly coupled. Conformal and supersymmetry breaking 

i— ' are IR effects, associated with field or spurion expectation values, whereas the sOPE is 

^ determined in the UV and hence does not notice the breaking. The broken superconfor- 

O ni^-l symmetry relates OPE coefficients of superconformal descendant operators to those 

^ of the superconformal primaries. We apply these ideas to the current correlators of gen- 
eral gauge mediation (GGM). We also consider analyticity properties of these correlators, 

^ e.g. their discontinuities, and use the optical theorem to relate them to total scattering 

^ cross sections from visible to hidden sector states, e.g. (j(vis + vis — > hidden), analogous to 

> (7(e+e~ — )■ hadrons) in QCD. We discuss how the current-current OPE can be truncated to 

^ the first few terms to get a good approximation to the visible sector soft masses of GGM. 
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1. Introduction 



Symmetries, even if tliey are broken, can usefully constrain theories and their dynamics. 
Soft breaking can be regarded as spontaneous, even if it is actually explicit, via background 
or spurion expectation values. The symmetry breaking is an IR effect, and the unbroken 
symmetry can still apply to constrain UV physics. The operator product expansion (OPE) 
gives a particularly useful way to separate UV physics from long-distance IR physics jlj. 
We will here discuss and explore applications of breaking an interesting, large symmetry 
group, superconformal symmetry, via the OPE. 

To set the stage, recall how the hadronic world is probed by e^e~ — )■ e"'"e~ scattering, 
via an intermediate photon, with the QCD contributions to the electromagnetic current 
two-point correlator. Writing the current-current OPE schematically as 

J{x)J{Q) = Y,c'jjO,, (1.1) 

i 

the idea is that Cjj "Wilson coefficients" are determined by UV physics, while IR physics 
determines the expectation values of the operators on the RHS. Keeping only a few leading 
operators often suffices to obtain good qualitative insights (despite the fact that the errors 
in these approximations can be difficult to estimate). There is an extensive literature on 
using this and related ideas to study the hadronic world, e.g. the classic papers of SVZ 
on QCD sum rules [2]. The UV physics can be constrained by a larger symmetry group, 
including broken generators. 

Now consider an analogy with the above discussion where, instead of using lepton sector 
scattering to probe the hadronic sector, we consider scattering of our world's visible sector 
fields to probe a new, hidden sector, which couples to our world via gauge interactions. 
The hidden sector then contributes to SU{?)) x SU{2) x U{1) current correlators, and we can 
try to employ the power of the OPE to separate UV vs IR physics. The UV theory might 
be asymptotically free, like QCD, or an interacting, superconformal field theory (SCFT). 

Our main motivation is to apply these considerations to general gauge mediation (GGM) 
[3], where indeed the visible sector soft masses are directly determined by the hidden 
sector's contribution to the gauge-current two-point correlators fs','!]: 



-^^gaugino 

■ 2 r (1-2) 

^sfermion = 47rar(J(x)) + / d" x\Yi{x^ M^) {Q'' Q\J {x) J {Q))) . 



The IR theory is neither conformal nor supersymmetric, e.g. because of messenger masses M 
and mass splittings \fF . We will explore the constraints that follow if these soft symmetry 
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breaking effects can be regarded as spontaneous (even if they are actually explicit, via 
spurious), and therefore effectively restored in the UV. In particular, we apply the UV 
constraints of superconformal symmetry to constrain the Wilson coefficients in the OPE 



(1.1) in (1.2). The IR breaking effects then show up in the IR, via operator expectation 
values on the RHS of the OPE. Even if the OPE results are only approximate, they give 
a foothold to consider GGM with non-weakly-coupled hidden sectors. 

We discussed some general aspects about the OPE of conserved currents in supercon- 
formal theories in [5]. Leading terms at short distance include 

with a an adjoint index for the (say simple) group G; for simplicity, we will mostly take 
G = U{1) in what follows. The coefficient r of the unit operator can be exactly determined 
from a 't Hooft anomaly r = ~3Tr RFF [6] using [T] if needed, and gives the leading 
coefficient of CFT "matter" to the G gauge beta function, see e.g. [s]. The coefficient k 



in (1.3) of the 't Hooft anomaly A; ~ TrG^ must vanish or be cancelled to weakly gauge 



the G symmetry. The operator K in (1.3) refers to an operator that classically has A = 2, 



e.g. the Kahler potential, but is not conserved by the interactions so it has anomalous 



dimension, A^^ = 2 + 7^-. Oi{0) in (1.3) is a generic, real superconformal primary, and ■ ■ ■ 
denotes other terms, including superconformal descendants. 

Superconformal symmetry together with current conservation implies that the OPE 



coefficients of superconformal descendants in (1.3) are completely determined by those 
of the superconformal primaries fslj^ Such relations apply in the far UV, but can be 
altered for example by RG running of the coefficients, because the theory is ultimately 
not superconformal. Nevertheless, the UV relations of superconformal symmetry can have 
approximate vestiges in the IR, to be explored here. 

We also explore a related topic, the analyticity properties of the GGM |3| current 
correlator functions Ca=o,i/2,i{p'^), and _Bi/2(p^). These functions can have cuts when s = 
—p^ is big enough to create on-shell states, with the cut discontinuity related by the 
optical theorem to total cross sections for hidden-sector state production, (vis — )■ hid, s), 
in analogy with QCD production a{e~^e~ — )■ hadrons): 

a,(vis^hid) = ^ ^-Disca(s), (1.4) 

s ^ 



^This is not as obvious as it sounds, because of the existence of the nilpotent superconformal three-point 
function quantities 8 and 9 of joj, see jsj for additional discussion. 
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As in QCD applications, we can express visible-sector observables A{s) as s-integrals of 
their discontinuity along the cut (see Fig. [T]), 



Ais) 



1 

27Ti 



ds 



, DiscA(s') 



ds 



, ImA(s') 



:i.5) 



and then approximate by going to large s', applying the OPE, and keeping only the first 



few terms in the 1/s expansion. We use this to show that the GGM soft masses (1.2) can 




Fig. 1: The dashed contour is deformed to the solid contour, giving (1.5). (The contribution 
from the circle at infinity is assumed to vanish.) 



be approximated in this way in terms of the lowest dimension operators appearing in (1.3) 
that can have non-zero SUSY-descendant expectation values: 



-'"gaugino ~ 



8M2 



sfermion 



47rar(J(a;)) + 



64M2 



:i.6) 



(QV(0.(o))), 



where w is the coefficient of -ft'(O) in (1.3) and is the anomalous- dimension matrix 
which mixes K with the operator Oi. 

These considerations also constrain the possibilities for GGM functions Ca(s), Bxjii^s). 



We can use (1.5) to relate these functions to integrals of their discontinuities (as a spectral 



representation), and the optical theorem (1.4) to relate these discontinuities to kinematic 
phase space factors. For example, for producing two scalars of masses m\ and m2. 



f^o(s) = — \M.\ , 
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where the phase-space prefactor involves the standard (see e.g. |T0]) factor 

A^/^(s,mi,m2) = 2a/s|p| = \J [s - (mi + 7/12)2] [s - (mi - 1712^] 6{s - (mi + m2)^), (1.8) 
where \p\ is the CM momentum of the produced on-shell scalars (the step function 6 



indicates that it is non-zero for real s > {mi +1712^). Comparing with (1.4), 

(1.9) 



T.. / N A^/2(^s,mi,m2) 
DiscCo(s) = — 



M ' 



Ana 



As a concrete example, consider minimal gauge mediation (MGM), with charged mes- 
senger scalars of mass m± and fermions of mass mo. The superpotential is W = /iX$$, 
where $, $ are charged messengers, with masses given by (hX) = M + which leads 
to two fermions of mass mo = M and scalars of mass mi 2 = m± = v/|M|2 ± The 
functions Ca(p^) of GGM have cuts where these states can go on shell, with discontinu- 
ity related to the corresponding total cross sections as in (1.4), e.g. Co{s) has a cut for 
s > (m+ + m„)2, corresponding to production of the scalars with masses m_|_ and m_, given 



by (1.9) with the tree-level amplitude Ai = Ana, so 

^DiscCo(s) = -^Vs2 -4|X|2s + 4|F|2, for s > (m+ + m_)^ (1.10) 

Likewise, Ci/2(s), Ci(s), and Bi/2{s) have related discontinuities. For this example, these 
relations are of course readily verified from the known, explicit expressions for the GGM 
functions of weakly coupled theories. But one could imagine non-weakly coupled examples, 
where these analyticity properties could usefully constrain the GGM functions. 

In the above discussion X can either be a dynamical field, the goldstino superfield, or 
spurion of the spurion limit. We separate the UV description, sufficiently far above (X), 
from the IR effects of (X). In the UV description, the messengers are effectively massless 
and interacting with X with coupling h (we avoid going too far in the UV, to avoid /I's 
Landau pole). We illustrate how to reproduce e.g. (1.10) from direct computations of the 
Wilson coefficients of the two-point OPE of the current superfield = <|)t<|) — $t$^ to terms 
on the RHS of the OPE involving the operators (X^X)"", and superconformal descendants. 
(Aspects of the OPE interpretation of super-propagators was explored for some interacting 
theories in |11!|.) As we will illustrate and verify, the superconformal symmetry implies 
many relations among the various terms. In the IR, we replace X — )■ (X), and these terms 
then contribute to, and indeed reproduce, the GGM fs] current-current correlators. 

The paper is organized as follows: section |2] reviews the OPE, superconformal covari- 
ance, and the results of Ref. |5] for current-current correlation functions in general super- 
conformal theories. In section |3] we apply these results to the general gauge mediation 
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functions Ca and B1/2 [3], discussing how these functions can be constrained by approxi- 
mate, broken, superconformal symmetry. In section |4] we study the analyticity properties 
and constraints on the GGM functions, and how the OPE can be apphed to obtain ap- 
proximations (1.6) for soft terms in theories that aren't necessarily weakly coupled. Section 
[5] illustrates and checks our various general results in the well-studied example of weakly 
coupled minimal gauge messenger mediation MGM. Section |6] summarizes and mentions 
possible further applications of our findings. Appendix |X] illustrates explicit computations 
of current-current OPE Wilson coefficients in MGM. 



2. The operator product expansion 

The OPE (1) repl aces nearby operators with a sum of local operators 

O.(x)O,(0)= J]4(a:,P)a(0), (2.1) 

k 

where CiAx,P) are the (position space) Wilson coefficients (with [-P/^, O] = id^O). In non- 



scale invariant theories, (2.1) approximately holds for small x, or in the light-cone limit of 



small x^, while for CFTs (2.1) is exact. In momentum space, 

I [ d'xe-'P-^O,{x)O,{0) > 5^cf,.(p)O,(0), (2.2) 

with the Fourier transform applied on the Wilson coefficients, while the operators Ok{0) 
remain in position space. The coefficients c^j(p) can be extracted from the OPE (2.2) 
sandwiched between appropriate in and out external states. 

In applications of the OPE to non-scale invariant theories, e.g. QCD, one splits mo- 
mentum integrals into UV and IR regions, above and below a renormalization scale fi. For 
the IR physics of the renormalized operators, in particular their expectation values, fi acts 
as a UV cutoff scale. For the UV physics, namely the Wilson coefficients, /i acts as an IR 
cutoff scale. For a spirited discussion of the properties of the OPE, and the necessity of 



this splitting at a scale fx, the reader is referred to 12 . The scale fx drops out of physical 



quantities at the end of the day, of course. The coefficients obey an RG equation 

-Dc^M^) = I'Cl, - i[C% - 7jCi^, (2.3) 

with T> = fi^ + (3{g)-^. Even if the theory is RG flowing, with non-zero beta functions, this 
is accounted for by these RG equations, making the OPE still effectively scale covariant. 
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2.1. Conformal- symmetry constraints 

Exactly scale-invariant theories are generally also conformally invariant (modulo recently 
found counterexamples |13||). We're here ultimately interested in applying the OPE also 
to non-scale-invariant theories, but the intuition is that the Wilson coefficients are UV- 
determined, so we can work near the approximately conformally invariant UV fixed point, 
obtain relations there, and then RG flow them down to lower scales. The Wilson coefficients 
should then (approximately) respect the full conformal group, i.e. they should respect 
not only the dilation generator, but also the special conformal generator, K^. These 
generators act on primary operators (/ labels the (j,j) spin indices) as 

[P^, 0\x)] = id,0\x), [D, 0\x)] = -i{x ■ d + Ao)O^(x), 
[K^, 0\x)] = t{x^d^ -2x^x-d- 2Aox^)0'{x) + 2x''{s^,YjO'' (x), 

where {s^^Yj is the operator's Lorentz spin representation, and Aq is its scaling dimension. 
Conformal symmetry implies that the OPE of conformal descendants are fully deter- 



mined by those of the conformal primaries 14 . For example, for the OPE of two scalar 
operators, 

0,{X,)0,{X,)= J2 4 i(A,+i,-A.) <A.-(^12,^)M....M.gi""-"^H^2), (2.4) 
primary T]^2 



where Xij = Xi — Xj and rij = xfj and the sum is over integer spin-£ primary operators 
O^^^---^^^ (with symmetrized indices) on the RHS. The functions F^*'^,{^i2, P)iii...iie, which 
give the coefficients of the descendants, are fixed by conformal covariance. Equivalently, 
conformal symmetry completely fixes the form of the two-point and three-point functions 



up to an overall coefficient. For example, the three-point functions related to (2.4) are 



^12 ^13 ^23 



where Aij = Aj — Aj, and 



(2.5) 



Z'' = ^ - ^, Z' = (2.6) 

^23 ^13 '^13'^23 



We'll sometimes be interested in Fourier transforming the OPEs, as in (2.2). For ex- 



ample, in (2.4), taking X2 = and Fourier transforming in Xi = x, 

1 1 rf^xe-^^-O,(x)O,(0) d4<'^:,^.(-.9„P),,..,,FT (^^^^yr^X^xpX^yj O^-^^^O), 

(2.7) 
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The Fourier integral is generally singular but can be defined by analytic continuation, with 

Logarithms of can arise if the dimension d is an integer n, or nearby, d = n + with 
e ^ 1. The 1/e terms are local contact terms that we can drop, and we're left with 

F.T ( = T7-^^^, ry(V)"~'lnp' + 0(e). (2.9) 

y^^n+ej 4«-l(n - 1)! (n - 2)!^ ^' ^ ^' ^ ' 

Such ln(— s) terms, associated with dimensions that are integer or nearly integer, are re- 



sponsible for the discontinuities like (1.10). The needed smallness of the anomalous dimen- 



sions, e ^ 1, fits with the optical theorem connection (1.4) to the cross section, since that 



assumes production of weakly coupled final state particles. 
2.2. Superconformally-covariant operator product expansion 

Superconformal theories have Qa, Qa, and as raising operators, generating the descen- 
dants. The superconformal primaries are annihilated by the lowering operators, 5" and 
S*", and at the origin. The algebra, and our sign conventions, can be found in |5|. To 
quote a few examples, the superconformal charges act on scalar superconformal primary 
operators as 

[^", 0{x)] = IX ■ cr""[Qa, 0{x)l (2.10) 

S^Qa[0{x)) = 2((t'^';^X[^9,] + 5£x ■ d)0{x) - IX ■ a^^QaQaiOix)) + (2Ao + 3ra)SfO{x), 

(2.11) 

where we define 5^Q„(C(a;)) = {S^, [Qa,0{x)]} etc. 

Conserved currents are descendants of superconformal primary operators J with Aj = 2 
and Q2(j) = Q2(j) _ 

Ja{x) = QaiAx)), J,{X) = -iS^(J(x)), (2.12) 

where = (Qa]. In superspace, 

J{z) = J{x) + ie]{x) - i9j{x) - ea^'ej^{x) + ■ ■ ■ , (2.13) 
where ■ ■ ■ are derivative terms, following from the conservation equations D^J = D^J = 0. 



The superconformal supercharges act on J(x) as in (2.10) 



^"(J(x)) = ix ■ cr""Q^(J(x)), S'^i.Jix)) = -ix ■ a°"ga(J(x)), (2.14) 
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vanishing at the origin. Acting on the descendants as in (2.11) with Aj = 2 and rj = 0, 



S'^Uaix)) = -IX ■ (r'"'Q^Q^{J{x)) +4{x-d + 2) J(x), (2.15a) 
S'^ifix)) = 3a^""j^(x) - 2x ■ a'"'a^''^.d,j^{x). (2.15b) 



The OPE of all the descendants (2.12) follow from that of the primary operators, 



sprimary v"^ / 

where "sprimary" is shorthand for "superconformal primary". As discussed in [5j, current 
conservation Q^{J) = Q'^{J) = plays an important role in relating superconformal primary 
and descendant OPE coefficients. Applying the above relations to the LHS of (2.16) gives 
e.g. [5] (see also there for discussion about the sign) 

S"{J{x)J{0)) = S"{J{x))J{0) = -ix ■ a""j<i(a;) J(0). (2.17) 

3\x)2M = \Q\j{x)Jm. (2.18) 
In SCFTs, the latter can also be written via 

3a{x)3M = ^Qfii^^ ■ fx^)a(J(x) J(0)) (2.19) 
various such relations were noted in [s]; just to quote a couple more, 

S''S^{J{x)J{0)) = S''S^{J{x)J{0)) = 0, (2.20) 

Ux)m = ^'^J ' " [Sa'^S - Sa'^S] (J(x) J(0)). (2.21) 

The RHS of the OPE is constrained by (2.20) and analogous relations in [s], including the 
constraints from the generators of special conformal transformations. These relate different 
OPE coefficients inside the J{x)J{0) OPE in supersymmetric theories, yielding the full 
OPE in terms of the OPE coefficients for the superconformal primaries. 

As we showed in [s], these constraints can be efficiently implemented in superspace, 
using the general formalism of [9]. The only operators that can appear on the RHS of the 
J{x)J{0) are real, f/(l)_R charge zero operators, with the superspace expansion {C,^ = 6a ^6 
and ■ • • are operators with non-zero R-charge) 

0^''-^''{x,e,e) = A^'^-^'^ix) + ^^,B^'^''-'''{x) + ^'^Df''-f''{x) + ■ ■ ■ . (2.22) 
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and as there 



This is similar to the chiral-antichiral $$ OPE considered in 15 
and B^'^'^■■■^'^ 

erators -B^+i in (2.22) decompose into Lorentz irreducible representations Mi^i of spin 



and D^'^■■■^'' 



_ ^d^Af'^-f''. Op- 



Ni_i of spin £ - 1, and L± in the {^i |) representation of SU{2) x SUi^). 



Operators (2.22) with odd spin i are odd under exchanging currents J a ^ Jb in the 
OPE Ja(x)Jf,(0), and thus only appear, proportional to the structure constants fabc, in 
non-Abelian theories. Since for simplicity we consider the J(x)J(0) for G = U{1), only 
even-£ operators appear in the primary J(x)J(0) OPE. For operators (2.22) with i even, 
this means that only the A^even and Dieven operators contribute. For operators (2.22) with 
i odd, the -B^+i — ?■ M^+i, Ni^i components contribute. 

Superconformal symmetry and current conservation fully determine all current-current 
OPE superconformal descendant coefficients from those of the superconformal primaries, 
since as shown in [s], the superspace dependence (in Zi = {x^,0a,9a)i) of the associated 
three-point functions is fully determined: 

1 



^fii...fi{ 



j-y» — 2<T^— 2 ,~y* — 2 /-y> — 2 ^J^ ^ , 

^13 ^'Si Xij, ^32 



(2.23) 



Current conservation implies that, for (|2.22|) of spin I even or odd, respectively 

0202 



t 



{fl-L...flt) 

JJOe 



xi^' ■ ■ ■ X 



1 



t 



CjJOf 



CjJOt 



(A-£-4)(A + £-6) 



X. 



(mi 



X 



X 



X -x 



£{A-i- 4) (X_ ■ X+)X_ 



A 



x-x 



traces, (2.24) 



traces (2.25) 



(X ■ X)2-|(^-^) 

in terms of the spin £ and dimension A = A^ = A^ of the operator O; see [5j and [9j 
for explanation about the notation. The primary OPE coefficient fixes the coefficient cjjo^ 
above, and then all descendant OPE coefficients are fully determined by the requirement 



that they reproduce (2.23), (2.24), (2.25). The superconformal relations are exhibited by 
expanding these expressions out in superspace. For example, setting 6*4=1,2 = ^i=i,2 = 0, 



these imply [5] that the coefficients Cijk of the three-point functions satisfy 

A(A + £)(A-£-2) 



CjJD, 



8(A-1) 
(£ + 2)(A-£-2) 



-CjJA 



£(A + 



-CjJMe+i- 



The OPE coefficients cf- are related to the three-point coefficients Cijk by c'^ 



(2.26) 
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where the two-point function coefficients, and then (|2.26l) imphes that 



(A-1) 



2A(A + £+l)(A- 
f(£ + 2)(A + £+l) 
'(^ + l)2(A-^-l) 



£-1) 



(2.27) 



3. Implications of superconformally covariant OPE for General Gauge Mediation 



The GGM [3j framework relates visible-sector soft SUSY breaking parameters to hidden 
sector current two-point functions (defined following the convention of [16]^ 



{J{x)Jm = Co{x) ^ Coip), 

{j^i{x)ju{0)) = {VtJivd'^ - df,d^)Ci{x) ^ -{ritJivP^ -PpiPu)Ci{p), 
Oa(a;)j/3(0)) = eo,pBii2{x) — > e«^5i/2(p), 
(j^(x)J(0))=0. 

The functions Ca{x) are real and Bi/2{x) is complex, though in potentially realistic models 
it must be possible to rotate it to be real, to avoid large CP violating phases. If the theory 
were supersymmetric, all Ca{x) would be equal, and Bi/2{x) would be zero. 

The leading contribution to the above functions in the UV limit comes from the unit 



(3.1) 



operator on the RHS of the J(x) J(0) OPE 

1 



UV limit : Ca(x) 



levr^x^ 



+ 



x^ 



FT. 



Caip) 



^ , / 1 

In — + C 



IGvr^ p"^ 



(3.2) 



The Ca{x) all coincide at this order, as seen from the OPE and Q{1) = |3||4]. If the 
theory were exactly superconformal, only the unit operator could have an expectation value 



and (3.2) would be the full answer. 



Another application of the OPE in the UV limit was discussed in 16 : it follows from 



^The last relation can be altered for spontaneously broken non-Abelian groups to {j^{p)J^ [—v)) = 
iPfj.f^^'^{J'^)/p'^, but Lorentz and gauge invariance imply that this doesn't contribute to the soft masses in 



any case. See 



17 



18 



for discussion of GGM in such cases. 
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the relations 



{Q^Q\j{x)J{m 

^T{Qc.Qa{nx)jm) 



-6d\Co{x)-2Cy2{x) + Ci{x)), 



{QaQ6.{r{x)fm) = 2d\Co{x) + 2Ci/2(x) - 3Ci{x)), 



(3.3a) 
(3.3b) 
(3.3c) 



and the OPE, that the difference of any two Ca{p) in the UV vanishes at least as rapidly 
as in any renormalizable theory. For example [l6], using the OPE 



j'ix)J{0) 



a;^C(0) V'^(O) 



(3.4) 



where O and are scalar and vector operators, Lorentz invariance implies that only 



can contribute to (3.3b), with a conformal primary so unitarity requires Ay > 3 (satu- 
rated by a conserved current). This implies Co{p) — 2Ci/2{p)+Ci{p) < (9(l/p^,ln(p^)/p^) for 



large p. Likewise, using (3.3a) and (3.3c), any two Ca{p) differ by at most 0{l/p ,\n{p )/p 



in the UV 16 



3.1. Constraints from (approximate) broken superconformal symmetry 

We expect / conjecture that the GGM functions can be constrained by applying the current- 
current OPE, with the Wilson coefficients approximately constrained by approximate UV 
superconformal symmetry (up to RG running differences). The IR effect of supersconformal 
symmetry breaking appears via the non-zero expectation values of the various operators 



on the RHS of the OPE, namely the operators (2.22) and their descendants. 



By Lorentz invariance, only scalar operators can have non-zero expectation values and 
translation invariance implies that — i- in one-point functions. So only scalar conformal 
primaries can have non-zero one-point functions. Such operators can only come from the 

= or £ = 1: the A^=o and 0^=^ 
scalar superconformal primaries O^^^ in (2.22), or the A^£_i=o compo- 



super conformal primary operators (2.22) with spin 
components of 
nent of a primary 

(9(^=1)/^. Likewise, the operator ¥^"{0) in K^ can be the superconformal 
primary components A^^ or -Dpi-im ^ superconformal primary spin i = 1 operator, or from 



the component of a spin i = superconformal primary operator (2.22). 



Consider first the GGM function Co(x), which is given by the expectation value of the 
J{x)J{0) OPE. The i = conformal primaries that can contribute on the RHS of the OPE 
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( |2.16D yield (using ( |2.27D with 



0) 



2Ni(4-Ao) 



CM 



2U(3-Aom) 



X 



2Ao(Ao + 1) 



(-Dc);prim) 



(3.5) 



X 



O runs over the real superconformal primaries with i = 0, and over those with i = 1, 
and Ai'oM is the i = conformal primary, superconformal descendant. The {Do-pvim) and 
{Ncl^^) expectation values are SUSY-breaking parameters of the low-energy theory. As in 



the discussion in 16 , two simplifying limits are the small SUSY-breaking parameters limit, 
and the low-energy, spurion limit. 

The functions Ci/2{x), Ci{x), and Bi/2{x) can similarly be written by applying the OPE 
to the current two-point functions on the LHS of ( |3.1 ). All of these descendant current 
two-point functions are fully determined by the J{x)J{0) primary OPE. In terms of the 
superspace expressions following (2.23), we simply need to extract the appropriate 9i^2, 61,2 
term, to pick out the J descendant via (2.13). So Ci/2(a;) is found by applying de^^dfj^^ to 
both sides of (2.23) before setting 6'j=i 2 = ^j=i,2 = 0, and Ci(x) is found by extracting the 
Oia^6i62(7^02f{0^,d^) terms from (2.23). These lead to expressions for Ci/2(a;) and Ci{x) 
analogous to (3.5), fully determining them in terms of the same coefficients in (3.5), the 
Cjj and C^f OPE Wilson coefficients and the vacuum expectation values {Aq), (-Dc';prim) , 
and {Noi^)- Likewise, for the case of i?i/2(a;), using (2.18) gives 

Bi/2{x) = J2 



\x 



2U(4-Ao) 



(((5^74)c).pi.im)- 



(3.6) 



The SUSY-breaking differences of the Ca{x) can also be analyzed via (3.3a) to (3.3c), 
applying the OPE to the current-current operators on the LHS. As an example, applying 
the OPE to the LHS of (3.3a), the contributing terms are the -D^=o terms on the RHS of 
the OPE, so using Q'^Q'^^Ai) = — 128D^;prim + descendants. 



1 
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d\Co{x) - 4Ci/2(x) + 3Ci(x)) = J2 



.0 



(3.7) 



We can similarly consider the difference of the C^'s in (3.3b), using the OPE (3.4). The 
j^(x)J(0) superconformal descendant OPE is fully determined from the J(x)J(0) super- 
conformal primary OPE. One way to obtain this is to note that the j^{xi)J{x2) OPE can 
be obtained from the superspace three-point functions (2.23) results (2.24) and ( |2.25 ), by 
taking the Oicr^Oi component to get j^{xi) and 6^2 = ^2 = to get J(x2). Alternatively, we 
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can use (2.21) to get the j^(x)J(0) OPE from the J(x)J(0) OPE. This gives the conformal 
primary operator in (3.4), that contributes to ( 3.3b[ ), in terms of the operators ^Oi-i^ 

^^"'"[Qa,Qa\ to get the LHS of IKM, this 



D^^ and Nl"^ 



and Mq^_^. Acting with H'^ 



gives an expression very analogous to (3.7), that relates (9^(Co(x) — 2Ci/2(a;) + Ci{x)) to 
the superconformal primary OPE coefficients Cj^r° and c^°'' 



^jj aiLKx L.JJ \ along with the {D, 



and 



(A^om) SUSY-breaking expectation values. 



4. Analyticity properties of the GGM functions Ca{p) and Bi/2{p) 



Analyticity properties of correlation functions encode a wealth of physical information (see 
e.g. 10,19). The functions Ca(p^) and i?i/2(p^) (3.1), coming from the hidden sector, 
contribute to the visible gauge vector multiplet propagators (see e.g. |18|), so analyticity 
properties of the GGM functions connect with that of the gauge field propagators. The 
functions Ca{s) and i?i/2(s) are analytic in s = — p^, aside from cuts on the positive, real-s 
axis for s sufficiently large to create on-shell hidden sector states. The discontinuities of 
the imaginary part of the Ca across the cut is then related by the optical theorem to total 



cross sections for hidden sector pair production, as in (1.4). As in (1.5), analyticity implies 
that the full GGM functions A{s) = Ca{s), Bi/2{s) can be reconstructed from integrating 
their discontinuities along all their cuts, labeled by c: 



Ms) 



1 

2Txi 



ds 



,[DiscA(s')]. 



ds 



, ImA(s')| 



(4.1) 



where so,c and [Disc y4(s')]c are the cut's endpoint and discontinuity, respectively. The OPE 
can be used to approximate the contribution from the large s' UV part of the cut integral. 

Let's first consider Co(p^), which can have a cut when the scalar (auxiliary) component 
Dip) of the gauge multiplet can couple to produce a pair of on-shell scalars, of masses mi 



and 7712. The production cross section for this process is (1.7) 

A"^/^(s, mi, m2' 



o"o^o+o('5) 



87rs2 



l-Mc 



where A^/^(s, 



1711,1712 



2^/s\p\ is the kinematic factor (1.8) and A^o 



optical theorem (1.4) relates this to the discontinuity 

2s 



Disc Co (s) = 



A^/^(s, mi, m2) 



Ans 



Mo 



Ana 



(4.2) 
0^0+0- The 

(4.3) 



where the sum is over all all distinct pairs of particles that can be produced. 
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Now consider Ci/2(p^), which can have a cut where the gaugino component Xa{p) of 
the gauge multiplet can create an on-shell spin + ^ pair of states, of masses mo and nif 
respectively!^ The total integrated cross section o" = / ^ dil, averaged over initial spins 
and summed over the final ones, is given by (where Aii = A^i_^q_,_i) 



CTl 



A^/^(s, m^, mj) 1 
2 



1 + 



2 2 

mj — 



\M 



(4.4) 



The additional kinematic factor of ^(1 + (m^ — m^)/s) compared with (4.2) comes from the 



spin factor sums and angular integration (see e.g. eq. (5.13) in |20j). The discontinuity of 
Ci/2{p^) is related to this cross section by the optical theorem. 



DiscCi/2(s) = 5^ 



Stts 2 



m. 



Ml 

2 



(4.5) 

Likewise for spin 1, a massless intermediate vector boson can decay to either two massive 
scalars or two massive fermions. In either case, the final state is a CP conjugate pair, of 
the same mass. Accounting for the spin-kinematic factors, the total cross sections are 

6 



O"l^0+0 



a 



87rs2 
X^/'^{s,mf, nif) 2 



\M 



1^0+0 1 , 



1 



2mj 



.1+1 

2^2 



(4.6a) 
(4.6b) 



The optical theorem gives the discontinuity of Ci in terms of these as 

s 



DiscCi(s) 



E 



o"i^o+oisj 



'1 + 5 



(4.7) 



with the sums over the various scalars and fermions that can be produced. In all of these 
discontinuities, A^/^(s, mi, 7712) implies a cut, from sq = (mi + 7/12)^ to infinity. 

In the limit of unbroken supersymmetry, the produced state is a massive supersymmetric 

chiral superfield with ■mi,m2,mf,ms — )■ mgusY, and Aio = 1 , A^i^o+o? -^i^i+i ~^ 

2 2 ' 2 

A^susY- All of the above total cross sections and discontinuities indeed properly coincide 
in this limit, 

1 

^tot;0,|,l ^SUSY - ^ 

with discontinuity 

~ ^ 1 I Ami Ma.^a.rr, ^ 

DiscCo 1 J -> DiscCsusY = 4^^'^ 



4"^SUSY I »^ |2 
K^SUSY.ol 



^"^SUSY 



SUSY,0 



4'7ra 



(4.8) 



(4.9) 



^For (partially) Higgsed gauge messengers 
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18 



, we can also have ai^i^i, and also (Ji_>i 



+0- 
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Even if SUSY is broken, in the large-s limit the Caip^) must all coincide to at least order 
l/s^ |16|, so their discontinuities at large s must also coincide to this order. 

Finally, we can consider the possible cuts of i?i/2(s). Much as with C1/2, such cuts can 
arise when the gaugino can produce on shell states. Because i?i/2(s) is a complex rather 
than real amplitude, its cuts generally can not be identified with a real, positive-definite 
cross section. On the other hand, to avoid CP violating phases, it should be possible to 
rotate -B1/2 to be real in physically realistic theories. As we will illustrate in an example, 
the cut structure of C1/2 and S1/2 are essentially the same, except that cut pairs add up 
in Ci/2, while they subtract in -Bi/2- This opposite sign the SUSY- violating amplitude 
-81/2(5) leads to a partial cancellation that is needed to ensure that -81/2(5), and hence its 
discontinuity, properly vanishes at least as fast as for large s. 

The above discussion implicitly assumed an IR free spectrum for the produced states. 
In that case, the discontinuities mentioned above come from ln(— s) terms in the current 
correlator Wilson coefficients, as illustrated in the appendix. Such ln(— s) terms arise, as 



in (2.9), from the Fourier transform of OPE coefficients of operators with integral (or half- 
integral) dimension, 2/S.q € Z. More generally, we could contemplate a (broken) interacting 
SOFT, with mass gap, with quantum corrections to the anomalous dimensions leading to 
non- integer 2^o- The spectral analysis in that case is then similar to that considered in 



the context of "unparticles," see e.g. 21 — we won't discuss it further here. 



4-1. Soft masses from the OPE and analyticity 



The OPE leads to approximations for the GGM soft masses in (1.2), which can be applied 
even in strongly interacting hidden-sector theories. Using the last expression in (4.1) and 
applying the OPE, the soft SUSY-breaking parameters are approximated by 

k ^ 

Here the classical scaling dimension dk is related to the quantum scaling dimension by 
Afc = dk + 7fc, and Im[s'^*/^ Cjj(s)] is independent of s = —p'^ by dimensional analysis. 



Let us sketch a few details in how the expressions in (4.10) are obtained, to highlight 
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in particular some approximations. Using (1.2) and (4.1) 

" >')] 



gaugino 



a 



a 



E 



ds 



0) 

, Im[c' 



a I ds 

so, 



s' 



7ik 



(4.11) 



^-dfe/2-l 



The second line of (4.11) involves two approximations. First, we approximate Bi/2{s') by 
replacing it with its OPE — this is a good approximation for the large s' part of the integral, 
while we apply it to the entire s' integral. 



The next approximation is that the cut endpoints so,c on the top line of (4.11) depend 



on the masses of the produced states, which are affected by the SUSY-breaking contri- 
butions, while on the second line we approximated all cuts as starting at the unbroken- 
supersymmetric physical threshold ssusy = 4M^, where the SUSY-breaking corrections to 
the masses are dropped. This is needed because, once we apply the OPE, the individual 
cuts are no longer visible. While this approximation sounds perhaps rather crude, we will 
see in the example of weakly coupled messengers that it nevertheless gives the full answer, 
perhaps because the different individual cut locations essentially average to the supersym- 
metric threshold. We replace with the classical dimension dk to get the contributing 



ln(— s) contribution to the imaginary part in (4.11). Doing the s' integral in (4.11) gives 



Mgaugino in (4.10). The derivation of "^sfcrmion similar. Uniform convergence is assumed, 
and the JTj-sfermion momentum integral was regulated to tame the otherwise IR-divergent 
integral]^ Notice that (4.10) only require the knowledge of the J(x)J(0) OPE, which is 
constrained by OPE superconformality. 



The expressions (4.10) can be further approximated by keeping only the contribution 



from the lowest dimension operator Ok on the RHS of the OPE (1.3) for which Q^{Ok) 7^ 
0: 



gaugino ~ 



m 



sfermion 



8M2 
47raF(J(x)) 



(4.12) 



^Though the momentum integral is actually not IR-divergent but this cannot be inferred from the OPE 
alone; a complete knowledge of the Ca(a;^M^) functions is necessary. Also, although the OPE is convergent 



for large enough s' , the approximations (4.10) might suffer from convergence issues from our integrating s' all 
the way down to ssusy = 4M^. This can require that the OPE sum be regulated by analytic continuation; 
an example of this will be seen in the next section. 
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where '~)Ki is the anomalous-dimension matrix which mixes Ok with the operator Oi. 



5. Example: Minimal Gauge Mediation 

We now apply and test our general ideas and methods in the canonical example of weakly 
coupled minimal gauge messenger mediation. The theory has canonical Kahler potential 
and a hidden-sector supersymmetry-breaking chiral superfield X (or spurion) coupled to a 
pair of messengers $ and $, of U{1) charge ±1, via the superpotential 

VTh^m = hX^^. (5.1) 

X is chiral, Qa{X{x)) = 0, with X{z+) = X{y) + V^Ox{y) + 6'^F{y), with 

X.(x) = -!=QjX(x)), F{x) = \q'{X{x)). (5.2) 

At low-energy, X and F get expectation values and the messengers $ and $ become free 
fields with SUSY-split masses 

Mo = h{X), ml = ml±f, (5.3) 
with Mo the fermion and m± the real-scalar masses (mo = \Mq\ and f = \h{F)\). In the 



UV, with X regarded as a dynamical field, the coupling h in (5.1) has a Landau pole; we 
restrict our attention to below the scale where it is UV completed or cutoff. 

The U{1) current superfield is J = $t<|)-<|)t$^ with Q'^{J) = Q'^iJ) = and components 

J{x) = 4)^(j){x) — (p^(j){x), 

(5.4) 

i^{x) = i[(f)d^(l)^{x) - (j)^d^(f){x) - 4)d^(f)^{x) + 0"^(9^0(x)] + ipa^tpix) - ipaf,ip{x), 
and their interactions with the SUSY-breaking superfield X are given by 

= -h*hX^X{(f)^4> + 4>^4>) - [h{-F4>4> + Xij^p + (P^Px + Hx) + h-c]. (5.5) 

We also define real superfields K and K\ and "meson" chiral field M, by 

= $t$ + K' = K- 2X^X, M = $$. (5.6) 
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So in (5.5) — sources the bottom component of K, and hF sources M. K is the 



messenger's classical Kahler potential, with the classical dimension of a conserved current, 



but the current is violated by (5.1) (though (5.1) preserves K'): 



87r2 



-W'^ + 4/iXM, 



Q\K') 



We include the anomaly term W"^ for completeness here, but it will not play a role in what 
follows since we initially turn off the gauge interactions, a — > 0. In this limit, K' is a 
conserved current. 

Below the scale of (X) and (F), where the theory is free, we know e.g. 

2 /m4-m_ \ "'/^-i 



(J(x) J(0)) = Co(x) 



Co(/) 



(27r)'^/2 
d'^q 1 



Kd/2-i{m+x)Kd/2-i{m-x), 



(5.7) 



In the first line we used the d-dimensional propagator, with Ki,{z) a Bessel function. In 
the following subsections we will test our general considerations by using the explicit, 
known expressions for the GGM functions Ca{p^) and -Bi/2(p^) in this case jsj. We will 
reinterpret the expressions in terms of the OPE in the "CFT" ( 5.1[ ) with field X included. 



applying and testing our constraints from superconformal symmetry. Using e.g. (2.11), the 
superconformal supercharges act on the superfield X components at = as 

{^", XM) = S^v^rx V^(0), [S", F(0)] = iV2{?,rx - 2)x"(0), 

where rx = is the R-charge of the chiral superfield X. The 5" action at an arbi- 

trary point X is easily obtained from the superconformal-algebra equations and the chiral- 
superfield commutation relations. 



5.1. The cross sections and analyticity properties 

The total cross sections for scattering from the visible to the hidden sector can be immedi- 



ately computed to 0{a) from the general expressions (4.2), (4.4), and (4.6a) and (4.6b). In 



this weakly coupled hidden sector, the amplitude in these expressions is simply Ai = Ana, 
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with the kinematic factors involving the hidden-sector messenger masses (5.3): 

\2 



(To (vis — )■ hid) 



Atts 2s 

\2 



s, m+, m_j, 



(Ti/2(vis hid) = ^^^'^^ J- + - m^)A^/^(s, mo, m+) + (m+ m_)] 



cri(vis — )■ hid) 



a[i2(yis — )■ hid) 



47rs 4s 

^tri 12s2 [(^ - 4m^)A'/'(s,m+,m+) + (m+ ^ m_) ^^"^ 

+4(s + 2m2)Ai/2(3^^^^^^)j ^ 

^1 [AV2(s,mo,m+) - A^/^(s,mo,m_)] . 



Here ay 2 is not an honest cross section, but we anyway relate it to -B1/2, whose phase can 
be eliminated to make a[^2 '^^^l positive. In the unbroken-SUSY limit, F — )• 0, 



CTa=o,i/2,i{s) ^ asusY(s,msusY) = g^^^ yl |^e(s-4m^usY), ^1/2 ^ 0. (5.9) 



The full cross sections (5.8) can be obtained from ctsusy (5.9), e.g. 



with similar (but slightly uglier) expressions for ai/2, and (t[,2. 



The cross sections (5.8) have expansions in powers of 1/s in the UV limit, using (5.3), 

(47ra)2 [1 ml P - ml 2ml{ml-p) 



(To (vis — )■ hid) 
(Ti/2(vis — )■ hid) 
(Ti(vis — )■ hid) 

O-Q - 4(Ti/2 + 3(71 

(7^/2 ('^is —J- hid) 



Atis 
(47ra)2 

47rs 
(47ra)2 



2 s 



+ 



+ 0(s- 



1 ml , U'-"^o 2m[j 



2 s 



_|_ 2 



+ 0(s- 



47rs 
(47ra)2 2f 

47rs 
_(47ra)2/ 
47rs s 



1 _ m| ^ -mg _ 2mg(m^ - p) ^ ^ 4 

2 s 



(5.10) 



'1 + ^ + (9(.-^ 
s 

2mn 6mn 
1 + — ^ + ^ + C(s- 



In the UV limit, the SUSY-breaking differences of cto, cti/2, and cti show up at 0{p/s^^ 
while a' 2 is 0{f/s^). 



The optical theorem relations (4.3), (4.5), (4.7), relate these cross sections to the dis- 
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continuities of the GGM functions Ca{s), and here -81/2(5) obeys a similar relation, 

Ca=0,l/2,1 



2i 



a 



1/2 



(Ana) 



(47ra) 



(5.11) 



Disc(zi?i/2(s)) 



niQS ' , - ■ ■ rfj^^g 2i 

We now verify these relations from the known, explicit integral expressions for the GGM 
functions in this case, as given in fs]. Let's first remark that since, as shown on general 
grounds in 16 , the Ca{s) coincide to (9(l/s^, Ins/s^) in the UV limit, it follows from (5.11) 
that the aa in this limit necessarily always coincide to 0{l/s^), as seen explicitly in the 
present example in (5.10). 



Consider first Cq using its integral expression 



Co 



1 



1 



dx ln[x(l — x)p^ + xrn^ + (1 — x)m^ 



{2ny + (p + g)^ + mt »7r" 

where the last expression is the finite part. The Landau equations for determining the 
endpoint of the cut, 

d 

x(l — x)p^ + xmi + (1 — x)'w?_ = and — [x(l — x)p'^ + xm^ + (1 — x)m^] = 0, 

ox 

have solutions s± = —p\ = (m+ ± m_)^ and x± = ^ "^^^^ ■ The s+, x+ solution gives the 
endpoint of the cut, while s_ is unphysical, since it has a;_ < 0, outside of the region of 
integration. Indeed, ACq can be here be calculated analytically from the integral to give 



mi 



-s + (m I 



+ (m+ + m_)2 - 



m_ 



The only physical branch point, on the first sheet of the logarithm, is that at s+ — there 
is no physical branch point at s_ = {m^ — m_)^, and there is no physical pole at s = 0. 



Thus, in agreement with the above cross section and the optical theorem (5.11), 



Disc Cq = Cq{s + ie) — Cq{s — ie) 



A^/^(s, m^, im?_) 



47rs 



6{s — (m+ + m_)^). 



(5.12) 



It similarly follows from the explicit integral expression for Ci/2(s) 



Cl/2 



d^q 



+ 



1 



{p + 



m: 



p-q 



m, 



0; 



that Ci/2 has two (physical) branch points, at s = (mo + m+)^ and s = (mo + m_)^, with 



Disc Ci/2 



87rs2 



[s + ml — 'm^)X^^'^{s, mo, 'm+)6{s — (mo + m+)^) + [m+ — > m_]. (5.13) 



20 



(Again, s = is not a pole on the first sheet of the logarithm.) So (5.13) indeed agrees 



with (5.11) and the above cross sections. Similarly, -B1/2, has two branch points, at exactly 
the same positions in the s-plane as C1/2, with 



Disc i?i/2 



Atts 



A^/^(s, ml, ■m'^)6{s — (mg + rn^Y) — (m+ — )■ m_). 



(5.14) 



The relative sign between the two terms in (5.14) cancels the contributions to 0{l/s), 
consistent with the restoration of supersymmetry in the deep UV. 
Similarly, the explicit expression for Ci, 



2 f d^q f (p + g) • (3p + 2q) + Am\ 4g ■ (p + g) + Sm; 



3j92 J (27r)4 [ (g2 + ml) [{p + qf + m\] 



(g2 + mf) [{p + g)2 + m^] 



reveals three branch points, at s = Ami, Ami. (The supertrace relation StrM^ = 0, i.e. 
ml + — 2ml ~ needed to prevent Ci{s) from having a pole at s = on the 

physical sheet.) The Ci{s) discontinuities are consistent with the optical theorem and the 
cross sections ( |4.6a ) for scalar production and (4.6b) for fermion production. At large s, 
the sum of the discontinuities across the three cuts add to coincide with that found above 
for Co and C1/2 to order (9(l/s^), consistent with UV supersymmetry restoration. 



5.2. OPE for J (x) J (0) and superpartners 



We now consider the current-current OPE J{x)J{0) (1.3), along with its Fourier transform 



i / d^xe-'P-''J{x)JiO) ci(s, A)l + dKis)K{0) + dj2{s)j\0) + Ci^2(s)ir^(0) + 



(5.15) 

+ J'{X,X\F,F\x,X^;s,fi). 
The first few terms in the position-space OPE are found from taking Wick contractions 



ci(x) 



+ 



ck(x 



2tt'^x'^ 



+ 



Cj2{X} 



! + ■■■ 



(5.16) 



(So r = w = 2 in (1.3), coming from $ and $. In the a,h ^ limit, K becomes 



a conserved current and the leading K term on the RHS of the J{x)J{0) OPE can be 
regarded as giving the Ti U {1)'^U (1) k = 2 't Hooft anomaly.) Here ••• are higher order 
perturbative corrections. These Wilson coefficients have Fourier transforms 



1 A2 
ci(s) = TT^ln h 



Ck{S 



+ 



svr^ —s s 
For example, ck can be found from the diagram 



,(s) = 5(4)(p) + ... . (5.17) 
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I \ 2i 

-idxis) = — ^J{x)0 ®J(0) = — . (5.18) 

As usual, a UV cutoff A enters for the Fourier transformation of tfie identity term in (5.15). 



Tlie important terms in wliat follows will be those on the second line of (5.15), rep- 
resenting the contributions of the supersymmetry breaking "goldstino" (or spurion back- 
ground) superfield X, and its superpartners, to the OPE. When we take expectation values 
of (5.15), and superpartners, the superconformal and supersymmetry breaking effects will 
come from the expectation values of these operators involving X and X'^ . Since J{x) is 
U{1)r neutral, the possible terms in J" in (5.15) include 

/CO 
d'xe-'P-V(x)J(0) D Yl £o(m,n;s,/x)(FtF)'"(XtX)"(0) 
m,n=0 
oo 

+ J2 do{m,n;s,fi){F^Fr{X^XrX^F^x\0) + h.c. (5.19) 

m,n=0 
oo 

+ ^ eo(m,n;s,/i)(FtF)™(XtX)Vx'(0) + --- . 

m,n=0 

There are similar OPE expansions for the current superdescendants of J{x), e.g. 

/oo 
rf^a;e-^P-^j,(x)j^(0)D-<.p^ ^ gi/2(m, n; s, /i)(FtF)-(XtX)"(0) 
m,n=0 
oo 

-KaP" E ^V2(m,n;s,/x)(FtF)-(XtX)'^XtFtx^(0)+h.c. 

m,n=0 

oo 

e~i/2(m,n;.,/x)(FtF)'"(XtX)"XtFVx'(0) + -- - • 

m,n=0 

(5.20) 



The scale /z appearing in (5.19) is the IR normalization point mentioned in section |2| 
The Feynman diagrams used to compute the Wilson coefficients in ( 5.19[ ) (see appendix 
[A| ), are UV- convergent but IR-divergent. So we integrate over virtual momenta starting 
at an IR cutoff fi, yielding /i dependent Wilson coefficients that are governed by the RG 
equations (2.3). Operator expectation values are similarly /i dependent, governed by RG 
equations. The fi dependence ultimately drops, as discussed in [T2^, when computing OPE 
expectation values, like the GGM functions. This here works thanks to operator mixing 
between operators on the two lines of (5.15), involving the messengers and X. 
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As an example of this, consider the coefficient Cxtx{s,f^) of the operator X'^X in the 



OPE, called co(0, 1; s, fi) in (5.19), which is obtained at one-loop in the appendix by evaluat- 



ing a Feynman diagram with an insertion of X'^X, with IR cutoff fi on the loop momentum, 

1 \h\' 



cxtx(s,/^) 



4vr2 



In — + 

/i2 



(5.21) 



where again ••• includes higher order corrections in The fi dependence in (5.21) is 

cancelled, effectively replaced with A, by the one loop operator mixing between X'^X and 
the operator K, given by the diagram of Fig. |2} 



.'X 



k 



Fig. 2: Diagram giving rise to operator mixing between K and X'^X. 



This diagram, which requires both UV cutoff A and IR cutoff yU, gives operator mixing: 

ir..,(0) = ir(0) - In ^XtX(O). (5.22) 



(This is related to the fact that K in (5.6) has 7x = |/;,p/167r^ whereas K' in (5.6) has 
7ii:/ = to this order.) When combined with the tree-level Wilson coefficient ck in (5.17), 



the //-dependence in (5.21) cancels with that in (5.22), and is thereby ultimately replaced 



with a A-dependence from CK{s)K{Gi). 

As an immediate illustration and check of our methods and results, let us connect the 
ffist few leading UV terms of the J(x)J(0) OPE expectation value with the corresponding 
terms in the o"o(s) cross section in (5.10). Using (5.11), ( 5.10[ ), and (5.15), we have 



Disc Co(s) 



1 

2^ 



0{s~ 



(5.23) 



s 

= Discci(s)(l) + Discdxtx{s){X^X) + Discc(^xtx)^{{X^ X)^) + ■■■ 
The ffist two terms on the top line indeed agree with the ffist two terms on the second 



line, upon using Ci(s) from (5.17), and Cxtx{s) from (5.21) and 

(1) = 1, (d/il^X+X)") = m^*^, Imln(-(s±ie)) 



(5.24) 



In fact, we can reproduce the full cross sections (5.8) and associated discontinuities 



from the OPE (5.15) expectation value, 

oo 

CoD Co{m,n;s){{F^F)r{{X^X)r. 



(5.25) 



m,n=0 
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An explicit one-loop computation of the Wilson coefficients co(m,n;s,/i) in (5.19) is given 
in the appendix. The discontinuity in particular comes from the terms ~ ln(— s) as in 



(5.24), and using the result from the appendix gives 

r(2(m + n) - 



Disc Co(m, n; s) 



-r 



1) 



2n T(m + n)T(m + l)T(n + 1] 



\h\ 



m+n 



(5.26) 



Using (5.26), the seemingly complicated series in m and n indeed nicely sums up to give 
(recall from dKsl) that mo = \h{X)\ and / = \h{F)\) 



DiscCo= Discco(m,n;s)((F^F))'"((X^X))' 

m,n=0 
1 



(5.27) 



Atxs 



s2 - 4mgs + 4/2 



Upon using (5.3), (5.27) indeed exactly reproduces, to all orders in 1/s, the expression 



(5.12), involving the standard kinetic factor A^/^(s, m+, m_) (1.8). 



As indicated in the J{x)J{Q) OPE (5.19), there are terms involving X's fermion com- 



ponents, X (the goldstino). Such terms vanish upon taking the expectation value, so they 
do not contribute to Cq{s), as in (5.25). We retain the x terms in (5.19) because they do 



contribute once we act on them with the supercharges Q, Q, so they contribute to (1.2), 



(3.3) etc. The form of the terms in (5.19) have been constrained by the U{1)r symmetry 
and reality of The action of Q on the operators in (5.19) can be obtained from (5.2), 
which we can represent as 



d 



d 



(5.28) 



so e.g. 



Q2 ^ AF 



d 



2x' 



4x"F, 



(5.29) 
). By 

relation (2.18), this can be obtained from acting on J(a;)J(0) OPE (5.19), and the 



dX ~^ dX^ ^ dXdx'' ' dx^' 
Let us now consider the ja(a;)j/3(0) OPE, whose expectation value gives -81/2(2; 



terms with non-zero expectation value are those without remaining x oi x^ fermion fields. 



In terms of (|5.29|), the contributions come from the first and last terms, giving 

s,/i)(FtF)-(XtX)"), 



m,n=0 



^ There are additional operators involving derivatives, with OPE coefficient denoted as e.g. ddo: 
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with coefficients 0(^2 contributions from the cq and do terms in (5.19) 

Ci/2("^5 n; s, jj) = [n + l)co(m, n + 1; s, /i) + 2dQ{m — 1, n; s, /i). (5.30) 



Using the exphcit expressions for co{m,n; s, jj) and do{m,n; s, fx), given by ( A.l[ ) and (A. 2) 
in the appendix, we find that (5.30) indeed gives the correct expression for Bi/2{s), and in 



particular its discontinuity is properly related to the last expression in (5.8) and ( |5.10 ): 
Disc -81/2(5) 



^ Discq/2l 

m,n=0 



Airs 



Amis 



m,n-s){{F^F)r{{X^X)r 
2fs + P-{f ^-f), 



(5.31) 



which precisely reproduces (5.14). 



We can similarly consider Q^Q^ acting on the J(x)J(0) OPE, which by (3.3a) gives 
expectation value equal to —8d'^{Co{x) — 4Ci/2(a;) + 3Ci(x)). Now, using (5.29) and its 



analog for Q^, the co(s), (io(s)x^ + h.c, and eo(s)x^X^ terms in the J{x)J{0) OPE (5.19) 



all contribute. The resulting relation can be verified from a direct loop computation of the 
eo(s) Wilson coefficients, along the lines of the Cq and do perturbative computation outlined 
in the appendix. 

Let us now turn to using, and checking, the additional constraints that follow from our 
claimed superconformal covariance of the OPE Wilson coefficients. One way to implement 
the constraints of superconformal invariance is to directly use the superspace-based [9] re- 
sults of [5], reviewed in section 2.2 above. It follows from these results that the OPE of 



all components of the J'{z) current superfield (2.13) are fully determined by the super 



conformal primary contributions to the primary J(x)J(0) OPE, with independent Wilson 
coefficients for all real superconformal primary operators O^^'"^' (2.22). As discussed in 
(3.5), only the spin i = operators O, and spin i = 1 operators O'^ have spin zero 



components that can get expectation values and contribute to the GGM functions. 

To use these results here, we need to classify the independent, real superconformal 
primary operators of spin i = 0,1 that can be built from X and X"'". Clearly one such class 
of primary operator superfields are On{z) = (X'^'X)". Using (5.29) Q'^{X'^) = nX""^(4FX— 
2(n — l)x^)! we see that the descendants in ( 2.22[ ) involve particular linear combinations of 



FX and x^- Classes of additional superconformal primary operators can be obtained from 
different, orthogonal linear combinations of FX and termsj^ We won't work out here 
the details of all classes of superconformal primaries for this example. 



^It is necessary here to retain the interaction (5.1), since is a null operator if X is free. 
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Alternatively, we can directly check that the superconformal relations like (2.17), (2.19) 



(2.20), (2.21) etc. are satisfied. As a first example, conformal covariance with respect to 



fully determines the P dependence in ( |2.1 ) (as in e.g. [14]), and in particular the 
contribution of scalar operators O to the J{x)J{0) OPE have 



J(x)J(0) 



CjJO 
4-Ao 



X 



Ao + 2 



A 



+ 1 



■x^x^d^d, - ^^ x^d^ + ■ ■ ■ j O{0). 

(5.32) 

Explicit calculation indeed verifies, for example (in position space, using dimensional reg- 
ularization) , that the Wilson coefficients of the operators On = (X'^X)'^ for the first two 
terms in (5.32) indeed have the relative factor of ^ of (5.32); this gives a check of conformal 



covariance of the OPE. 

We now outline similar explicit checks of our proposed superconformal covariance of the 
OPE Wilson coefficients, with the generator S and S. The proposed superconformal covari- 
ance yields many individual relations, which when combined determine the superconformal 
descendant Wilson coefficients in terms of those of the superconformal primaries. 

As an example, the superconformal algebra implies that 



QS{J{x)J{0)) = -IX ■ a^"j,(a;)j^(0) - 2ix^{f{x) - id^ J{x))J{Q). 



(5.33) 



Taking the Fourier transform of (5.33) and using the J(a;)J(0) OPE (5.19) and ja{'x)ja{'^) 



OPE (5.20) yields the relation 



(io(m — 1, n — 1; s) — ddo{m — 1, n; s) = |[2(1 — m) — n] [co(m, n; s) — Ci/2(m, n; s)] , (5.34) 



where ddo{m,n; s) is the Wilson coefficient of (F"l'F)'^(X"l'X)"(9^x)(T^X in (5.19). Exphcit 
computation of the Wilson coefficients verifies that ( |5.34[ ) is indeed satisfied. 



The relation (5.34) determines the Ci/2 Wilson coefficients in the ja{x)ja{0) OPE (5.20) 



in terms of the Wilson coefficients Cq, do, and dd^ in the primary J(x)J(0) OPE (5.19). This 



fits with the result fs] that all superconformal descendant current-current OPE coefficients 
are fully determined from those of the primaries. In addition to relating the various OPEs 
of J's descendants, ja, Ja, and j^, superconformal symmetry also implies relations among 



the terms on the RHS of the J(x)J(0) OPE (5.19), determining the Wilson coefficients of 
all superconformal descendants in terms of those of the superconformal primaries. 

As an example, consider the ddo{m,n] s) Wilson coefficient of {F'' F)"^{X'' X)"'{d^x)'^'^Xj 



that entered in (5.34). Since [S"" ,id^X'^'^x] 0; these operators are not superconformal 
primary, so the coefficients ddo{m,n] s) are completely determined by the superconformal 
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symmetry in terms of the other, superconformal primary Wilson coefficients. Indeed, in- 



serting the J{x)J{0) OPE into superconformal relations like (2.20) and 

Q^ + ^Qx-aS^ (J(x)J(O)) = 

yields enough relations to, for example, fully determine the Wilson coefficients of super- 
conformal descendants like id^X'^'^Xj ' '^X ^ind X'^F'^x^ terms of the superconformal 
primaries. One can append (X^X)"(F^F)™ in front of all of these operators and the result 
remains]^ As expected from the analysis of the Wilson coefficients of all superconformal 
descendant operators are determined from those of the superconformal primaries. 



5.3. Soft masses 



We now apply general expressions (4.10) to analyze the gaugino and sfermion masses in this 



simple model. The expressions (4.10) and (4.12) can be applied to strongly coupled theories 



and here we verify that our techniques can indeed properly approximate soft masses in 
simple weakly-coupled models, where the answer is already known: Mg — " ^- 
2(t)'c(r)/(x) 



gaugino 



and ?72,g£j,j.jjj;Qj^ 
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An X 



9[x) 



with X = \F/hX^\ and 



9{x) 
fix) 



x^ 



+ x) ln(l + x) + {l-x) ln(l - x)], 



l + x 



x^ 



ln(l + a;) - 2Li2 



X 



1 



Lig 



2x 



(5.35) 



[x — 7- —X 



l + x J 2 \l + x^ 
We find, perhaps surprisingly, that the OPE methods — generally an approximation — here 
reproduce the full, exact functions g{x) and f{x)\ We discuss here the gaugino mass in 
some detail. The sfermion mass computation is conceptually essentially the same, although 
technically a bit more involved. 



The Wilson coefficients entering in (4.10) are the c[i2{'m,n] s., jj) in (5.30), whose imag- 



inary parts give the discontinuity in (5.31). So (4.10) gives 

Disc[s"+2™+i-' 



-'"gaugino ~ " 



Using the result for c( /2(m, n; s, /i) in (5.31 ), this gives 



^gaugino 



gaugino, OPE 



with 



5'OPE(xj 



An 



r[2(ra + m)] 



n,m=0 



4n+2m(^ + 2m + l)r(n)r(n + l)r(2m + 2) 



X 



2m 



''Since the action of S on F and gives zero at x = 0, one has to use derivative operators in order 
to generate the F^ Fs. Then, one can use the known action of K^^ to show that Wilson coefficients of 
superconformal descendants are determined in terms of those of superconformal quasi-primaries. 
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The ratio test shows that the sum converges (for x < 4, which is satisfied since we 
anyway need < a; < 1 to avoid tachyons), but the Yin requires a continuation to converge. 
Indeed, the Yn ^'^^ can be rewritten in terms of hypergeometric functions, giving 



-. oo 



m=0 



24^+3 (m + r 



3-^2 



m + 3/2, m + 1,2m + 2 
2, 2m + 3 



;1 



X 



2m 



(5.36) 



d,e 1 



converges at z = 1 only if Res > where s 



The hypergeometric function 3F2 
d + e — (a + 6 + c), and that is not satisfied in (|5.36l). Fortunately, one can analytically 



continue the hypergeometric functions using a generalization of Dixon's theorem. 



3-f^2 



a, 6, c 
d, e ' 



mnens) 



3-^2 



d 



a,e — a,s 



T{a)T{b + s)T{c + s 
which leads to convergent hypergeometric functions and gives 

fi'oPE(a;) = 1 + + -^x^ + H -- 

o 15 28 



s + b,s + c 



The approximate (y'oPE(2;) function obtained from the OPE gives the exact function g{x)\ 
Similarly, the OPE approximation for the sfermion mass function /ope (a;) actually gives 



the full, exact result in (5.35) 



Recalling the approximations made in ( |4.10 ), it is perhaps surprising that the OPE 



manages to reproduce the exact results (at least in this example). In particular, (4.10) 



was obtained by approximating that there is a single cut, starting at the supersymmetric 
threshold for particle production, with supersymmetry breaking neglected. We know from 



our discussion in subsection |5.1[ that this is at best an approximate oversimplification, 
since the different contributions to the soft masses actually have different cut structures. 
It is interesting and curious that, at least in the present example, the OPE conspires in 
such a way to somehow fully account for the true cut structure. We do not know if this 
occurs more generally. 

Before concluding, it is interesting to see how good the approximation is if we keep only 



the leading order contribution (4.12). Using the classical OPE coefficient (5.18) and the 



Konishi current mixing ( |5.22D , which are 1/27?^ and \h\^/4:iT'^ respectively, the soft SUSY 
breaking functions (5.35) can be approximated by g{0) = /(O) ~ |. Thus, to lowest order 



the approximations (4.12) allow the computation of the soft SUSY breaking parameters to 



an accuracy of 50%. This is probably the best (and often the only) approximation to the 
soft SUSY breaking parameters one can achieve in strongly-coupled theories. 
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6. Conclusion 



Conformal theories are interesting arenas for exploring quantum field theory. Various pos- 
sible model-building applications of approximate conformal symmetry and non-weakly cou- 
pled sectors have been proposed in the literature over the years, to help naturalize hier- 



archies, e.g. that of technicolor, flavor 23 , sequestering [24], and the fx/Bfi problem 25 



These and other models have recently motivated renewed interest in exploring the conse- 



quences of conformal or super conformal symmetry, see e.g. 26 and following papers. Here 
we explore possible vestiges of approximate superconformal symmetry in wider classes of 
models, where the symmetries can be (softly or spontaneously) broken. 

In weakly coupled models, one can simply write down integral expressions for the GGM 



functions Ca and -B1/2, see 16,27. Our methods here give some approximate tools to 
analyze theories that are not necessarily weakly coupled, giving some approximate insights 
on connecting the model theory to observational consequences. It would be interesting to 
apply the methods to concrete examples of non-weakly coupled theories, and to explore 
concretely some of the above mentioned proposed applications. 
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Appendix A. Combinatorics for Wilson coefficients 

In this appendix we calculate the one-loop Wilson coefficient of the operator 
in the Fourier-transformed OPE of J{x)J{0). The leading contribution to the coefficient 
comes from the one-loop diagram with m insertions of (the background expectation value 
of) F'^ and F, and n insertions of X^X (Fig. [3|. The combinatoric factors are as follows. 
Permutations among the X'^X insertions do not count as separate diagrams, nor do per- 
mutations among F'^s or Fs. F'^ and F have to be in alternating order, and only one such 
ordering counts. We can start with all X^X and F and insertions on the upper propa- 
gator, and then start bringing the F'^s and Fs, and the X'^Xs, past the current insertion, 
to the lower propagator. Every time an F'^ or an F goes past the current insertion, there 
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X 



p 



J{x) 



X 



/ n 



Ft 



(8) J(0) 



Fig. 3: The Wilson coefficient of (FtF)'"(XtX)"(0) in the OPE i J rfS e'^P'^ J(x) J(0). 



is a minus sign, from that in J{x) = (jr(j){x) — (fr(j){x). After some standard manipulations 
for the calculation of one-loop diagrams, the Wilson coefficient computed from Fig. [3] is 



\t,\2{m+n) " 2m+l+j 
j=0 k=l+j 

io r(fc)r(2m + n + 2- A;) 



in + 2m-k + 1)! 



(n - j)! (2m - A; + 1 + j)! j! {k - 1 - j)! 



k-l. 



1 — X 



, 2m+n- 



_fc+i(2m + n + + A 



(/i2 + A) 



2m+n+l 



(for m, n not both zero) where /i is the IR normalization point, and A = x(l ~x)Q'^, with 
= p^. Here k counts the number of propagators that make up the lower propagator, 
and j counts how many X^X insertions are on the lower propagator. 

In connection with the analyticity properties, we are particularly interested in contribu- 
tion that is logarithmic in Q'^/fi'^. Expanding the result of the above Feynman parameter 
integration in the UV (large s = —Q^ > 0) we get 



Co(m, n; s, /i) — > 



(-l)'"r(2(m + n) 



47r2 r(m + n)r(m + l)T(n + 11 



m+n 



In 



(A.l) 



The case m 



n 



0, i.e. Ci, is instead given by (5.17). As in the discussion around 



(5.22), the IR scale everywhere ultimately cancels, thanks to operator mixing, and is 



effectively simply replaced with the UV cutoff scale A. As discussed after (5.27), the 



combinatoric factors in (A.l) precisely reproduce the 1/s expansion of the kinematic factor 
A^/^(s, m_|_, m_) that enters in the cross section and the Cq discontinuity. 

To outline a similar example, the Wilson coefficients do{m,n] s,fi) are obtained by sim- 
ilar considerations of a diagram like that of Fig. [s} but with the X'^F'^x^ external fermion 
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insertions. The result analogous to (A.l) is then 

1 



dQ{m, n; s, /i) — 



1 r(2(m + n + l)) 
4^ r(n+ 1) 



r(2(m + 2))r(n) 



+ 



r(m + 2)r(m + n + 1) 



m+l 



\h\ 



2 \ r?i+n+2 



In 



(A.2) 
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